HORIZONTAL SUBMANIFOLDS OF GROUPS OF HEISENBERG TYPE 



A. KAPLAN, F. LEVSTEIN, L. SAAL AND A. TIRABOSCHI 

Abstract. We study maximal horizontal subgroups of Carnot groups of Heisenberg type. We 
classify those of dimension half of that of the canonical distribution ("lagrangians") and illustrate 
some notable ones of small dimension. An infinitesimal classification of the arbitrary maximal 
horizontal submanifolds follows as a consequence. 



1. Introduction 

A general Carnot manifold is, by definition, endowed with a bracket-generating distribution. A 
horizontal submanifold is one whose tangent spaces lie in the distribution. 

Because the distribution is "outvolutive", horizontal submanifolds of large dimension are rare. 
At the same time, when one exists, there may be a continuum of others through each point, even 
sharing tangent and higher jet spaces there. Maximal ones are most natural to study on general 
grounds and appear in Geometric Control Theory as jet spaces of maps, or limits of minimal 
submanifolds, for example. The goal of this article is to describe a representative class of maximal 
horizontal submanifolds in a representative class of Carnot manifolds. 

Carnot groups are representative of Carnot manifolds in a strict sense, the latter carrying 
canonical sheaves of the former. In such a group, its Lie subgroups form a representative class 
of submanifolds, and we will prove that any horizontal submanifold is osculated everywhere by 
translates of horizontal subgroups. In particular, the possible dimensions are the same. 

Let A be a Carnot group (N is for nilpotent). In terms of the intrinsic grading of the Lie 
algebra 

n = Lie(A) = m ... ©n s , 

a horizontal subgroup is of the form exp(u), where u C ni is a subspace satisfying [u, u] = 0. One 
is so lead to describe the maximal abelian subalgebras contained in the generating subspace m. 
But not much else can be said in general, because there are just too many Carnot groups, even 
2-step ones. 
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A natural subclass to study is that of groups of Heisenberg type. Their role in subriemannian 
geometry has been compared to that of euclidean spaces, or of symmetric spaces, in riemannian 
geometry and the analysis of elliptic operators |CGNlj . In practice, they remain the only Carnot 
groups where basic convexity questions can be answered at all, or abundant domains fit for the 
Dirichlet problem for its sublaplacian can be actually constructed [CGNlJ [CGN2J [KalJ. In any 
case, they are an obvious starting point. The fact that they have been a source of unexpected 
examples in ordinary riemannian geometry and analysis gives additional support for the choice 

Let then N be of Heisenberg type and use the standard notation for the grading of n: 

m = 0, ri2 = I = center (n) 

as well as for the dimensions 

n = dim0, m = dim^. 

For emphasis, the intrinsic distribution on N has dimension n and codimension m (there will be 
no specific notation for the dimension of N itself, to avoid confusion). 

We find that the dimension of a maximal horizontal subspace of t> and, therefore, that of any 
maximal horizontal submanifold of N, must be among the numbers 

n n n 

2' 3' "' ' ^TT' 

so the set Hor(iV) of maximal horizontal subgroups can have at most m strata. In the ordinary 
Heisenberg groups, m = 1, n = 2k, and all the maximal horizontal subgroups are k- dimensional 
("planes"). These are the Lagrangian subspaces (maximal isotropic) of the obvious symplectic 
forms defined by the bracket, which justifies much of the terminology used here. 

In this paper we first describe Hor(iV) in some notable examples, enough to illustrate generic 
features, like non-trivial stratifications, as well as peculiar ones, like 8-dimensional distributions 
with no horizontal submanifolds of dimension > 1. In the second part we fully describe the first 
stratum, 

Tl 

Lag(iV) = {U £ Hor(iV) : dimU = -} 

This is a real-analytic variety, which is sometimes empty, sometimes it is a Lie group, and al- 
ways is a finite union of orbits of the analogous "symplectic" group Aut Q (n), consisting of the 
automorphisms of n that fix the central elements. 

To be more specific and as we recall in the first section, we can pick 
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for any m > 1, and let be any finite- dimensional module over the Clifford algebra C(m). This 
will be of the form 

o = (o m ) p 

if m / 3 modulo 4, or 

o = (*+ r © 

otherwise, where m ,d^, are irreducible (the real spinor spaces). Hence, n is determined by the 
integers m,n, or m,p + ,p_. The following is a table showing the values that yield a non-empty 
Lag(iV), together with their structure under Aut c (n). 



m (mod 8) 


V or (p+,p-) 


(j orbits 


Lag(G) 





any p 


p + 1 


\J r O(p)/0(r)xO(p-r) 


1 


any p 


1 


U(p)/0{p) 


2 


any p 


1 


u(p,myu(p) 


3 


any (p,p) 


1 


U(p,M) 


4 


any p 


p + l 


U r U(p, H) /f/(r, H) x E/(p - r, H) 


5 


p even 


1 


u(p)/u(p/2,m) 


6 


p even 


1 


0(p)/0(p/2) x 0(p/2) 


7 


any (j>,p) 


1 


0(p) 



Table 1 . The variety of Lagrangians subspaces 



In the last section we give explicit descriptions of Lag(iV) in terms of Pliicker coordinates. 
Acknowledgement: We thank L. Capogna and N. Garofalo for their advise and W. Dal Lago 
for his hospitality and patience. 

2. Lie algebras of Heisenberg type 

Let V be an M-vector space and let B : V x V — > M be a non-degenerate symmetric bilinear 
form. Recall that a Clifford algebra associated to (V,B) is a a pair (C(V, B),9), where C(V,B) 
is an IR-algebra, 9 : V — > C(V,B) is a linear function such that 9{x) 2 = B(x,x)l for each x G V 
and (C(V,B),9) satisfies the following universal property: if (A, fx) is a pair such that A is an 
M-algebra and \x : V — > A is linear and satisfies /J-(x) 2 = B(x,x)l, then there exists an algebra 
morphism fx' : C(V,B) — > A such that fi'9 = fx and fJ is unique with respect to this property. 

The Clifford algebra (C(V,B),9) exists for every (V, B) and can be obtained as a quotient of 
the tensor algebra T(V) by the ideal generated by x <S> x — B(x,x)l. Moreover, (C(V,B),9) is 
unique modulo isomorphism of M-algebras and V is naturally embedded in C(V,B). 
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Let C(m) denote C(R m , — (x, y)), where ( , ) is the standard inner product on R m . Every 
module over the algebra C(m) is unitary and is the direct sum of irreducibles modules. Up to 
isomorphism, there is precisely one irreducible module m over C(m) for m ^ 3 (mod 4), and two, 
d+,D~, for m = 3 (mod 4) [HuJ[BtDj. 

If D is a C(m)-module with compatible inner product (u,v), we put a Lie algebra structure on 

n = D®R m 

by declaring W 71 to be the center and defining 

[ , ]:BAD-» R m 

by 

(z, [u,v]} = (J z u,v) 

where J z denotes the Clifford action. This satisfies Jf = —(z,z)I z , hence [u,v] is indeed skew- 
symmetric; Jacobi's identity is trivially satisfied. 

A Lie algebra of Heisenberg type with center 3 = R m is then of the form 

n = (t> m ) p ©3, 

for m ^ 3 (mod 4) or 

n = (d+) p + (to" ) p ~ 3 

for m = 3 (mod 4). These are mutually non-isomorphic except that (p+,p_) and (p-,p+) give 
isomorphic Lie algebras. One says that n is irreducible if the corresponding Clifford module is 
irreducible. 

The structure of C(m) as associative algebra and the dimension of its irreducible representations 
d are listed in the table below. Let R, C and M denote the real, complex and quaternionic numbers, 
and Rfe, Cfc, Hfe the algebra of matrices of order k with coefficients in R, C, H, respectively. 

Let C + (m) denote the even Clifford algebra, generated by the elements of even order zz', and 
z±, . . . ,z m an orthonormal basis of 3 = R"\ Then the map 

(2.1) Zj 1— > ZjZ m , for 1 < j < m, and z m 1— > z m 

extends to an automorphism of C(m), which takes C(m — 1) onto C + (m). 
The element 

K — T T 

commutes with C + (m) and, when m is odd, with all of C(m), and 

- If m = 1,2 (mod 4), K m = -1 and K m = -K m . 

- If m = 0, 3 (mod 4), K m = 1 and K m = K m . 



HORIZONTAL SUBMANIFOLDS OF GROUPS OF HEISENBERG TYPE 



5 



m (mod 8) 





1 


2 


3 


C(m) 




C 2 k 




H 2 fc-i <S> H 2fc -i 


dim R d 


2 k 


2 k+i 


2 fc+i 


2 fc+i 



m (mod 8) 


4 


5 


6 


7 


C(m) 


Jnl 2 fc-i 


C 2 fe 






dim R d 


2 fc+i 


2 fc+i 


2 k 


2 fc 



Table 2. C(m) and the dimension of irreducible representations. Here, m = 2k if 
m is even, m = 2k + 1 otherwise 



- If m = 3 (mod 4), K m acts on an irreducible module as ±Id. In the last case we denote by 
d^ the eigenspace of K m of eigenvalue ±1. 

Let Aut(n) be the group of Lie algebra automorphisms of n, Aut D (n) the subgroup of elements 
acting trivially in the center. Let End(j+f m \(ti) denote the algebra of linear maps on d which 
commute with the action of C + {m). Then [H] 

(2.2) Aut (n) = {£ G End c+{m) (x>) : £*J Z £ = J z , for some z G i,z + 0}. 

The algebras with m = 1,2,3,4,7,8 can be described in terms of the classical real division 
algebras R, C,H, O, as follows. Let F denote one of these and consider ¥ k as a real vector space. 
To obtain those with m = 1, 2, 4, 8, take 3 = F and d = F p x F p . Then the bracket [ , ] : d x d — > 3 

is 

p 

(2-3) [(x, y), (x', y')] = ^ x ^ ~ X 'M 

3=1 

and the Clifford action is 

(2.4) J 2 (x,y) = (-*y,xz), (z G F, x,y G F p ). 

To obtain those with m = 1, 3, 7, take F = C, H, O, respectively, let 3 = 9(F) and C = Fx F 9 . 
Then the bracket [ , ] : d x d — > 3 is 

(2-5) [(x, y), (x', y')] = + £l&fc)- 

i=i fe=i 

and the Clifford action is 

(2.6) J z (x, y) = (zx, yz), (z G 9(F), x G F p , y G F 9 ). 
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Finally, note that 

k 

(2-7) ((x,y),(^yO> = »£>^). 

j'=i 

is the natural inner product in F fc . 

3. Horizontal submanifolds and subgroups 

Proposition 3.1. Let S ^ G be a horizontal submanifold of a Carnot group G and g € S. Then 
there exist a unique Lie subgroup H C G such that T g (S) = T g (gH). The subgroup H is horizontal 
and abelian. 

Proof. Since the distribution is left-invariant, it is enough to assume that S passes through the 
identity e and that g = e. Let t) C g be the subspace spanned by the left-invariant vector fields 
whose value at e is tangent to S. Let X, Y € f) and extend X e ,Y e to vector fields X, Y, in a 
neighborhood of e, so that they are tangent to S along S. Therefore [X, Y] will also have this 
property; in fact, it may be assumed that [X, Y] = along S. Assuming also that X, Y are linearly 
independent, complete them to a basis X\ = X, Xi = Y, X3, ... , of 0i. Let {T a j} be a basis of 
Q a for a > 2 and write 

x = + E ^ Ta3 > ^ = E ^ + E ^«i T ^' 

i a,j i a,j 

with smooth coefficients. Now compute 

= [x,y] = J2(fi9j - fMXuXj] + E((^) " & r M) T °j + E ^^[raj,^] 

By horizontality, the functions Q j and ^/3A; are constantly equal to zero on S. Since X and Y are 
tangent to 5, the second and third sums vanish on S and, therefore, 

= J2(fi(s) 9j (s) - fjisMs^X^s) 

i<j 

for s G S. Evaluating at s = e and recalling that /i(e) = 1, fi(e) = Vi 7^ 1, 52(e) = 1, 
gi(e) = Vi 7^ 2, we obtain [X, V](e) = 0. By left-invariance, [X, Y] = 0. We conclude that f) is 
an abelian subalgebra, contained in 0. Taking H = exp(h), the assertion follows. 

□ 

Proposition 3.2. The maximal abelian subgroups of a 2-step Carnot group G are those of the 
form U ■ Z(G), where U is a maximal horizontal subgroup and Z(G) is the center of G. 

Proof. A maximal abelian subalgebra, as well as the center, are automatically graded. □ 
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Proposition 3.3. Let n the dimension of the canonical distribution and m its codimension. 
Then the dimension of any maximal horizontal submanifold of G must be among the numbers 
n/2, n/3, n/(m + 1). 

Proof. By Proposition l3.il it is enough to prove the assertion for a maximal horizontal subgroup, 
of the form H = exp(f)) with [f),f)] = 0. In terms of the operators J z , the commutativity is 
expressed by (J 2 f),h) = 0, i.e., J } t) C fj- 1 . Conversely, let v <G f)- 1 . Then = (v, Jzfy) = (z, [v,t)]) 
\/z and, therefore, [v, h] = 0. Since f) is maximal horizontal, w G f). Consequently, a subspace f) C V 
is maximal abelian if and only if 

JM = ^ 

or, equivalently, 

It follows that 2h < n < h + mh = h(m + 1), so that 

n/(m + 1) < h < n/2 

□ 

Since n > 2 2 ( Proposition 13.31 is quite restrictive and shows that for large m, the possible 
dimensions are all close to largest possible one. The two extreme cases correspond, respectively, 
to 

n/2 : fr 1 = JM 

for all z 7^ 0, and 

n/(m + l): ^ = @T=x^M 

for a basis of 3 . 

We next illustrate some possibilities that can occur. First, consider the lowest-dimensional 
Heisenberg groups associated to the division algebras as described at the end of last section. Then 

Lie(7V c ) = C 9(C), Lie(iV H ) =H 9(H), Lie(iVo) = O © 3f(0). 

These are the only groups of Heisenberg type satisfying n = m + 1. Indeed, if {zi} is a basis of 
3 and v £ d is non-zero, v, J zi v, J Zm v, is a basis of such that [v,J Zi v] = Z{, Therefore Wv 
is maximal abelian in d. A similar argument shows that they are the only irreducible groups of 
Heisenberg type for which the dimension n/(m + 1) is actually realized. 

We conclude that the horizontal submanifolds of these groups are all one-dimensional. The 
varieties of maximal horizontal subgroups are 

Hor(iV c ) = Lag(iV c ) ~ S 1 
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Hor(iVe) ~ MP 3 



Lag(iV H ) = 



Hor(iVo) ~ RP 



.7 



Lag(A^o) = 



Finally, consider the case m = 8 and n irreducible: 



n = d 8 ®R 8 = (O x O) 0O. 



Here n = 16 and, therefore, the dimensions allowed by Proposition 13.31 are 2,4 and 8. In the next 
section we will see that there are only two lagrangians 



Here we will see that there is none of dimension four and a 32-parameter family of two-dimensional 
ones; at the end, 



When the parameter t G R+ goes to or oo, the limits of the corresponding 2-dimensional 
subspaces lie, respectively, in ro + and ro_, so the terms in parenthesis define a natural stratification 
of Hor(n). 

Decompose ds = tr+ © ro__ as C + (8)-module. Let W £ ti, w = v + u with v G ro + ,u G ro_. It 
easy to see that there exists z G 3 such that w = v + J z v. 

Lemma 3.4. Let 0/w£ ro + and =G 3. 

(1) The centralizer of v + J z v is J 3 (t> + J~ 1 v). 

(2) Let u, v! G 3 such that u, u' , z are linear independent, then J u {v + J^ 1 v) and J u '(v + J z T 1 v) 
do not commute. 



Proof. Define z' = z/(z,z) and t = (z,z), thus J z = tJ z > and J z 1 = — t 1 J Z >. 

(1) It is clear that v + J z v and J z (v + J z 1 v) = J z v + v commute. Now let u G z 1 - and u" G 3. 
Then 

(«", [v + J z v, J u (v + J" 1 ?;)]) = («", [v, J B v]) + («", [t J 2 /u, J u (-t _1 ) J^v] =) 

= (u", [w, J u v]) - (u", [J g iv, JuJ^v}) 



Thus, the centralizer of v + J 2 f contains J 3 (t> + J z 1 v). Recall that ad(w) : x>s —* 3 is surjective for 
all 7^ u G ds- Therefore, dim(Kerad(w + J z v)) = 8, thus the centralizer of v + is equal to 
J,(u + J~ l v). 



Lag(n) = {tt) + ,W_}. 



Hor(n) °* (Gr K (2, 8) x MP 7 x R+) U {ro+, ro_}. 



(J U "V,J U V) ~ (Ju"Jz'V,J u Jz'v) 

(J U "V, J u v) - (J U "V, J u v) = 0. 
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(2) We can consider u,u',z mutually orthogonally and (it, u) = (u',u'} = 1. Let u" € 
span K {u, u', z}- 1 , then 

{u", [J u (v + J~ l v), J u ,{v + J~ l v)]) = («", [J u u , Ju'J^v}) + («", [J u J~V = J u ,v\) 

= -t(J u "J u V, Ju'Jz'v) - t(J u "J u J z >V, J u iV =) 
= -t(J u "V, JuJu'Jz'V) ~ t{J u »V, J Z 'J U J U 'V =) 

= -2t{J u »v,J z >J u J u >v). 

Thus, if we suppose that J u (v + J~ l v) and J u >(v + J z v) commute we have (J U "V, J z > J u Ju' v ) = 0. 
Since, we also have that (J w v, J z > J u Ju lV ) = for all w £ span K {ii, v! , z}. Then, J z 'J u Ju' v = 0, a 
contradiction. This proves the Lemma. □ 

The lemma implies that the 2-planes spanned by pairs u + J z v,v + J z u, are all abelian and 
maximal with this property. To prove that these are all those of dimension < 8, let u 6 D and 
write u = (x,y) with respect to the decomposition = ro + ©ro_. Let C and C\ maximal isotropic 
subspaces of d of dimension 2. C (Ci respectively) has a basis (x, y), (x',y') (resp. (xi, yi), (x^, y^)) 
such that x _L x' (resp. x\ _L x[) and = [(x,y), (x',y')] = xy' — x'y (resp. = x\y' x — x[yi). If 
C = C\, there must be a, b, c, d G M such that 

(3.1) x\ = ax + bx , y\ = ay + by' 

(3.2) x'i = cx + dx' , y[ = cy + dy' . 

Because of x\ _L x[, it follows ( J € 0{2). Conversely, if ( S 0(2) and xi,a^,yi,yj 

yb dj yb d J 

are defined as in formulas l|3.1|) and (|3.2|l . then (xi,yi), (x' l5 y^) is a basis of i2 such that xi,x' t is 
an orthonormal set. Thus, every maximal isotropic subspace other than the ro-t, is determined by 
a 2 dimensional subspace of M 8 (generated by x,x') and a non-zero y £ M 8 . 



4. Generalities on Lagrangians 

Let N be a group of Heisenberg type with Lie algebra n = ©3. The maximal horizontal sub- 
manifolds of dimension dimt)/2 are called Lagrangians. Via the exponential map, they correspond 
to [ , ]-isotropic subspaces of V of half the dimension, which will also be called Lagrangians. They 
form a closed real-analytic variety, which we denote by Lag(iV), Lag(n), or even Lag(d). In this 
section we describe three general properties needed later: the relation with C + (m)-submodules, 
the appearance of the periodicity modulo 8 and the natural action of Aut(n) on Lag(n). 



10 KAPLAN, LEVSTEIN, SAAL AND TIRABOSCHI 

Proposition 4.1. Let C £ Lag(d). Then C 1 - £ Lag(o), d = £ © C± and J Z (C) = L L for all 
non-zero z G 3. 

Proof. For z £ j and x,y £ C, (J z x,y) = (z, [x,y]) = 0. Thus J Z (C) = C 1 - for any 263. The 
other results follow easily. □ 

It follows that double products J Z J W preserves £, hence 

Corollary 4.2. ^4ny Lagrangian C is a C + {m) -module. 

Sometimes, to stress the dimension m of the center 3, it will be useful to denote it by j m , so 
that i m = R m and 3 m x ir = R m+r . 

Proposition 4.3. Let V r be a C(r)-module and let d m be a C(m)-module with m = (mod 4). 
T/ien D m ® D r is a C(m + r) -module, with Clifford action 

J(z,w) '■= J z ®Id + K m ® J w , 

(z,w) E im x 3 r . T/ie corresponding algebra of Heisenberg type is 

(d TO <g> d r ) © (3 m x 3 r ) 

wif/i bracket 

(4.1) [2 <g> u, y <g> u] = ({u,v}[x,y],(K m x,y}[u,v]), 

x,y G m; u,v £ r . 

Proof. 1)4 is checked by taking inner product with 2 G 3 m x j r on both sides of the equation. 
The rest of the assertions follow easily. □ 

Corollary 4.4. IfV r is an irreducible C{r) -module, then d8<8>0 r * s an irreducible C '(8 + r) -module. 
Indeed, (d 8 ) 0s © r is an irreducible C(8s + r)-module and 

Proof. The dimension of 8 $5 r is 16 x dim(o r ) and we conclude the result from Table [21 □ 

We can now see how the periodicity modulo 8 typical of Clifford modules is reflected on these 
Lagrangians. 

Theorem 4.5. If C T £ Lag(d r ) and £ 8 £ Lag(d 8 ), then 

£ 8 © C r + © € Lag(d 8 ® d r ). 
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Proof. C L is Lagrangian from Proposition 14.11 If (x,u),(y,v) G £ ® £, then [x © u, y <8> v] = 
[x, y] (u, w) + (Kgx, y) [u, v] = 0, because of C and £ are Lagrangians. As £ and C x are isotropic, 
we have [x (g) u, y <g> v] = for (x, u), (y, v) G £ L ® C^~- 

Now, let (x,u) G £ <8> C and (y,u) G £ L <g) Z;- 1 . By Corollary El we have that £' is a C+(8)- 
module, so i^s^ G then [x ® it, y (g) v] = [x, y] (it, itf) + (K$x, y) [u, v] = 0. □ 

Recall Aut (n), the group of orthogonal automorphisms of n that act trivially on 3. Then, 

Theorem 4.6. If m ^ 0(mod4), Aut (n) acis transitively on Lag(n). If m = 0(mod4) and 
n = (d m ) p ©3, then Lag(n) is the union ofp + 1 orbits of Aut Q (n). 

Proof. Let £, £' G Lag(n). By Corollary 14, 2| C and £ are C + (m)-modules of the same dimension. 

If m ^ (mod 4), there must be an isomorphism if] : C — > £ intertwining the action of C + {m). 
Moreover, ip may be taken orthogonal with respect to the inner product on d. Indeed as ifi is 
non singular and ip* is also in End c +( m } (dm) we have that £ = (ipip*)' 1 / 2 ^ G End c +^(0m) is 
orthogonal and ££ = Since d = C © J m (£) = £ ® J m (£) we can extend ^ to all of by 
ip(J m (u)) = J m (^(u)) for all u G £. Since -0 is orthogonal by construction and ipJi = J{tp for all 
i = 1, . . . , m, ip is automorphism. 

If, instead, m = 0(mod4), £ and £' are isomorphic as C + (m)-modules if and only if the 
multiplicity of d+ is the same in both. Notice also that if ip is an orthogonal automorphism of n, 
tp :C — > £ is a C + (m)-module isomorphism. The rest of the proof follows as in the previous case, 
to conclude that there are exactly p + 1 isomorphism clases. □ 

The following theorem essentially solves our problem for n irreducible as algebra of Heisenberg 
type. 

Theorem 4.7. // d is an irreducible C{m) -module, then every proper C + (m)-submodule of d is 
Lagrangian. 

Proof. Let z%, . . . , z m be an orthonormal basis of i m and denote K = J Zl . . . J Zm 

For m = 3, 5, 6, 7 (mod 8) we see, by dimension, that there are no proper C + (m)-modules (see 
Table EJ. 

For m = 0,4 (mod 8), K is symmetric and K 2 = 1, and by Table the only proper C + (m)- 
modules are irreducible. In fact, they are the -fT-eigenspaces V± with eigenvalues ±1. Since 
J Zi K = —KJ Zi , J Zi V± = d T . Let u,v G d + . Then [u, v] = if and only if (zi, [u, v]) = 
(i = l,...,m). Now, (zi,[u, v]) = (J Zi u,v) = because (d + ,d_) = 0. So, d + is Lagrangian. In 
analogous way we obtain that d_ is Lagrangian as well. 
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The cases m = 1,2 (mod 8) are a bit more involved. We will find and fix a Lagrangian £ that, 



of intertwining operators for the C + (m)-action on and prove that </>(£) is isotropic for all (j) G 
End c+{m) (X)). 

For m = 1 any one dimensional subspace can be taken as our fixed Lagrangian. For m = 2, we 
can take V = H, 32 = span K {i,j} and the Clifford action given by left multiplication and inner 
product (u, v) = uv. It is easy to see that £ = span R {i, j} is a Lagrangian in 0. Furthermore, if 
: HI — > H is an intertwining operator and c/>(l) = g, then = R q is right multiplication by q. It 
follows that <f>{C) is Lagrangian. Let us choose (j) = R q with = —1, so that (j) is skew-symmetric. 

When m = 1,2 (mod 8) there is only one irreducible C(m)-module D m up to equivalence. If 
m = r + 8, then v m = v$ © d r , by Corollary 14.41 Let 0± be the vector subspace of Og of 
eigenvectors of K$ with eigenvalues ±1. 0± are C + (8)-modules since K$ commute with C + (8). 
If C r € Lag(t) r ), then C = + ® C r © 0_ (g> £^ € Lag(o m ) and D m = £ © The existence of a 
Lagrangian for any dimension follows now by induction. We fix such C and we will see that (/>(£) 
is isotropic for all 4> £ End c +(o m ). 

In the case m = 1 (mod 8), we first prove that 



where the action of the matrix is with respect to the decomposition m = C © C . Now, K : 
C —> £ is an intertwining operator for the action of C + (m). Thus, the result follows by Schur's 
Lemma and the fact that C and £ are real irreducible C + (m)-modules (see Table [2]). Therefore 
any proper C + (m)-module is of the form 



Such £' is isotropic: [ax + bKx, ay + bKy] = ab([x, Ky] + [Kx, y]), but for all z G M m 

(z, [x,Ky] + [Kx,y]) = (J z x,Ky) + (J z Kx,y) = (-KJ z x,y) + {J z Kx,y) = 

since KJ Z = J Z K for all z G W 11 . 

In the case m = 2 (mod 8), we have K 2 = —1. Since m is even and £ and C L are C + (m)- 
modules, £ must be K-invariant. Thus, K gives complex structures on £ and £-*-. By Schur's 
Lemma, the intertwining operators of £ and £-*- are of the form a+6JC, with a, 6 € R. Now, we look 
for (j) m an C(m)-intertwining operator of d m that sends £ to £-*". Since £ = O+ © £ r © 0_ © £^r, 
4> m can be defined recursively as 

(4.2) 4>2 = R q , and 4> m = Id® (f> r 



by Corollary 14.21 will necessarily be a C + (m)-module. We will compute the space Endc+( m )(®) 




£' = {ax + bKx : x £ £}. 
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for m = 8 + r and r = 2 (mod 8). Since <f>2 is skew-symmetric, (f> m is so too. 
With (j) = (f) m we have 

End c+ {») = {( a + hK {C + dK) ^ ± ):a,b,c,d,a>,b>,c',d'eR) 

with respect to the decomposition m = C © Recall that KJi = —J{K (i = 1, . . . , to) and 
K l = -K. Let W = {u x : u x = (a + bK)x + (a' + b'K)<j)x, x G £}, then 

[u x ,u y ] = [(a + bK)x, (a' + b'K^y] + [(a' + b'K)cf>x, (a + 
For z G M m , we have 

(z, [u x ,u y ]) = (z, [(a + bK)x, (a' + b'K^y] + [(a' + &'*O0x, (a + 

= (J 2 (a + 6i0x, (a' + &'i^)0y) + {J zip! + 6'K)0 = x, (a + 
= ((a' - J z (a + bK)x, ct>y) - ((a - b = K)J z {a' + <f)y) 
= (J z (a' + b'K) (a + 6A>, 0y> - ( J z (a + b = K) (a' + b'K)x, <\>y) 
= 

where we use that 4> m is skew-symmetric. From the equation above we conclude that W is 
isotropic. □ 

Corollary 4.8. If m = 1 (mod 8) and m = r + 8, then every Lagrangian of ti m is of the form 

(0+ © £') © (0_ © 

where £ is a Lagrangian ofo r . 

Proof. >From the proof above we know that C = {ax + bK m x : x G + © C r © 0_ © £^~}- Now 
x = x + ® y + X- <S> y ± and K m = Id® K r . Then 

ax + bK m x = x + © (a + bK r )y + x_ © (a + bK r )y^~. 

By the Theorem above, £' = {(a + bK r )y : y G £ r } is a Lagrangian in r and is easy to check that 
£' ± = {(a + bK r )y ± :y ± ECjr}. □ 

5. Lag(n) explicitly 

In this section we will describe Lag(n). We do this in terms of Pliicker coordinates on the 
corresponding grassmanian whenever the result is not too messy, and as orbits of automorphisms 
of n, or finite unions thereof, in every case. The notation Lag(n) = A/B will always mean that 
Lag(n) is an orbit of a subgroup A G Aut G (n) and B is the isotropy subgroup. 
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Thanks to Corollary 14. 2| it is enough to describe the C + (m)-submodules of d and then determine 
which of these are totally isotropic. 

We will consider eight separate cases, corresponding to the congruence modulo 8 of dim 3, the 
center of n. Fix z\, . . . , z m an orthonormal basis of 3, set Jj = J Zi and 

K m J\... J m . 

It will be convenient to display the dimension m of the center of n = + 3 and the multiplicities 
of the spin representations appearing in 0, as explained in section 2: 

= (0m) P ©3m, 

for m ^ 3 (mod 4) , and 
for m = 3 (mod 4) . 



The case m = 1 



In this case there is only one irreducible C(m)-module m , up to isomorphism. From the proof 
of Theorem 14.71 we have V m = C®KC where C and KC are Lagrangian and equivalent irreducible 
C + (m)-modules. If is a C(m)-module, then 

v 

= 0(tt>i ®Kt0i), 
i=i 

where rOj is isomorphic to C for all i. Thus, we can write 

= (R p ® C) © (W © KC) =R P ® B m . 
In terms of this decomposition, 

[a <gi w,a' £ED w'] = (a, a')[w, w], 

for a, a' € M p , w,w' G m . From Schur's Lemma and the fact that C and KC are real irreducible 
C + (m)-modules, it follows that 

En dc+ (» = i( A ® Id * °® K ^ 
\\B®K\ C D®Id KC 

where the action is with respect to the decomposition (MP <8> C) © (W ® K C) . Therefore any proper 
C + (m)-module is of the form 

W = span R {^a ®u + Ba® Ku :a®MeR p C}. 



:A,B,C,De M, 
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Lemma 5.1. (1) W is isotropic if and only if A l B — B l A = 0. 

(A 

(2) W is Lagrangian if and only if it is isotropic and the 2p x p-block matrix has rank 

\Bj 

equal to p 

Proof. (1) Let a ® u, a' <g> u' € W ® £. Then 

[Aaigiu + Ba® ifu, Aa' ® u' + Bo! ® Km'] = (Aa, Ba') [u, if «'] + (Ba, Ad) [Ku, u] 

= ((Aa,Bd) - (Ba,Aa'))[u,Ku] 
= ((A t B — B t A)a, a')[u, Ku']. 

Since C,KC € Lag(n), [u, Ku'] ^ 0, for some u, v! E C. Therefore, W is isotropic if and only if 
A l B - B l A = and this proves d). 

(J2J) This follows because dim(W) is equal to rankf j dim(£). □ 



Proposition 5.2. Aut (rim^) is the group of 

K\kc\ _ „ 

2 C+(m) 



A®Id c C®K ]KC \ 
B®K C D®Id KC 



such that 

(5.1) A l B - B f A = 0, C l D - D l C = 0, A l D - B f C = 1. 

Thus, Aut (n^ } ) ^ Sp(p,R) ("see a/so (5|j. 

Proof. By 1)2 .2j) . 5 G Aut a (n) if and only if g is in End c +{x>) and g t J m g = <An- We can choose a 

/ Id® K KC \ 

basis of such that J m = , thus the result follows. □ 

\-Id®K\ c J 

Proposition 5.3. 

Lag(n«) = C/(p)/0(p). 

Proof. As a maximal compact subgroup of Aut D (n) = Sp(p, M), the group of isometric automor- 

( A® Id c -B ® K\ KC \ 
phisms A(n) is isomorphic to Uyp), viewed as the set of matrices £ 

\B®K\ C A®Id KC J 

End c +(t>). By Proposition 14.61 U(p) acts transitively on Lag(n). The isotropy subgroup is the 
fA® Id c \ 

set of matrices where A is real orthogonal matrix, hence this isotropy 

\ A®Id KC ) 

subgroup is isomorphic to 0{p). □ 
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The case m = 2 

In this case there is only one irreducible C(m)-module t> m , up to isomorphism. By Theorem 
14. 7\ \3 m = C® (j) m £ where C is an irreducible C + (m)-module and </> m is given by (|4.2|l . Then any 
C(m)-module has a decomposition 

p 

i=\ 

where rOj is isomorphic to C for all i. In this case K is a complex structure on d which leaves C 
invariant, we can write 

t> = (C p £) (C p <£ m £) = C p C v m . 
In terms of this decomposition, 

[a W, a' w'] = [{a, a')c w, w'\, 

where a, a' G C p , w, w' G d m and (a, o')c = X] a « a i- Indeed, We can write a w = (b + Kc) w 
and a!®w' = (b' + Kc') u/, where a, a' G C p , b, b', c, d G W. Thus, 

[a io, a' (8) u>'] = [(6 + Kc) w, (6' + Kc') it/] 

= [b<g>w,b' <g) it/] + [Kc ® w, Kc' it/] + [6 to, Kc' it/] + [Kc it;, b' it/] 
= [6 <g> to, 6' (8 to'] + [c Kw, c' Kw'] + [6 to, c' Kw'] + [c Kw, b' to'] 
= [b u>, 6' it/] + [c K 2 u>, c' it/] + [6 Kw, c' it/] + [c Kw, 6' it/] 
= [((b,b') - (c,c'))w,w'] + l((c,b') + (b,c'))Kw,w>] 
= [(a,a')cw,w']. 

It follows from [H], Schur's Lemma and the fact that C and are complex irreducible C + (m)- 
modules, that 

End c+ {») = {( A ® Idc 

{\B®(f) mlc Dtold^c 

where the action of the matrix is with respect to the decomposition (C p C) © (C p (f> m jC) (cf. 
Table I2J). Therefore any proper C + (m)-module is of the form 

W = span c {Aa 8« + Ba <p m u : a u G C p £}. 



:A,B,C,De M p (C) 
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Now we can check which W are isotropic: 

[Aa (g> u + Ba (f> m u i Aa' v! + Ba' <8> (j> m u'] = [{Aa, Ba')u, 4> m u'] + [(Ba, Aa')4> m u, u'\ 

= [((Aa,Ba!) - (Ba, Aa'))u, 4> m u'] 
= [{(B t A - A t B)a, a')u, <t> m u'}. 

Therefore, W is isotropic if and only if A l B — B l A = 0. 

Proposition 5.4. Aut G (n^) is the group of matrices 



G End, 



/ A®Idc C <g) 4>m\4> m c 
\-B®<f) m \ C D®Id (j>mC/ 

such that 

(5.2) A l B - B f A = 0, C l D - D l C = 0, A l D - B f C = 1. 

Thus, Aut (n^ } ) ^ Sp{p,C). 

Proof. By 1)2.2(1 . £ G Aut G (n) if and only if £ is in Endc+(v) and £* J m £ = J m . As in the proof of 
Theorem 14. 7( we set m = 8 + r, D m = Dg (g) o r , m = Id®<j) r and £ m = + (g> £ r © 0_ <g> where 
£ r is a Lagrangian of D r . We also have 4> m (C m ) = £ m = J m (C m ). Now, we fix basis v\, . . . ,vg of 
+ and w\, . . . ,wt of £ r , thus V{ ® Wj is a basis of + <S> C r . We complete to a basis of £ m adding 
(J% (Ei J r )(vi <8> Wj) which is a basis of 0_ (8) £f-. Finally, applying J m = ® J r we complete to a 





basis of xs m . With respect of this basis the matrix of J m = and 

\Jd J 

If m = 2, then t>2 = H, J2 is left multiplication by j and £2 = span M {i,j}. We can take 02 = Rj 

the right multiplication by j. In this case M2 = ( and iV^ = — M<i. As m = Id ® 4> r , an 

easy recursion shows that M m is symmetric, M m = Id and iV m = —M m , for all m = 2 (mod 8). 
Now, dm = C p <g> t> m and £ G ^ndc+((Jm) can be written as 

( A <^>Id c C <g> M m \ 
£ = , so £ G Aut (n) if and only if is in Sp(p,< 




□ 



Proposition 5.5. 



Lag(n^)-C/(p,]HI)/C/(p). 
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Proof. By Proposition 14.61 the group of orthogonal automorphism, which is U(p, H), acts transi- 
tively. Recall that U (p, M) can be identified with the subgroup of Sp(p, C) given by the matrices 

(a -b\ „ (a - 

I j . To find the isotropy group of £ m , we have that I 

implies B = = and A 1 A = 1, thus A G U(p). 





The case m = 3 



We begin with a 

Lemma 5.6. Let m = 8s + 3 and let \}f s = ®t>f be the C(m) -module obtained by using repeatedly 
Proposition ^. S\ Then, = t)® 8 ®!^. Moreover, let j\, ]2, jz be canonical generators ofC(3), be 
j[, . . . , jg be canonical generators of C(8) and define 

J 8k+ t = Kf k ®j' t ®l®( s - k \ = if0<k<s,l<t<8; 
J 8s+t = Kf s ® j t , ifl<t<3; 

where Kg = j[ . . . j' 8 . Then, J%,..., J m are generators of C(m) such that 

jf = —1, J%Jk = —JkJi: for 1 < i, k < m and i ^ k. 

Moreover, K m = J x ...J m = Id® 3 <g> K 3 . 

Proof. vf s ®vf is irreducible and K m == Id® s ®K 3 by Corollary l4~H As K m ^± = ±Id, we have 
D m = ®f S ® bf- The relations on the Jj's follow by straightforward computation. 

□ 

Proposition 5.7. // Lag(rim + ' P_ ' ) ) / 0, then p + = p~. 

Proof. The trace of the operator if m on d is tr(K m ) = (p + —p~) dim 0+ . We will prove that there 
exists a Lagrangian £ if and only if tr{K m ) = 0. Suppose that £ is a Lagrangian, then £ = Ji{C) 
is also a Lagrangian and D = £ © £ . Since K m is an odd product of Jj's, ET m sends £ to £ and 
£ to £, thus tr(K m ) = 0, so p + = p_. □ 

We will see later that the converse also holds. Prom now on, we consider only the case p + =p-. 

Next we will describe the intertwining operators between and (o^) p as C + (m)-modules. 

Using the explicit construction of an algebra of Heisenberg type with center of dimension 3 given by 
l|2.5p . we let : — > d^" be given by (j){u) = u. Then <f> intertwines X>\ and as C(3) + -modules. 
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Proposition 5.8. (1) The C + "(m) -intertwining operators of (d+) p (resp. (b m ) p ) are Id® R-^ 
(resp. Id® L A ) with A G glfaffl) and % : (d^) p (vj) p (resp. L A : (dg) p -► (djfj 
denotes the right (resp. left) action, i.e. Rxu = uX l (resp. Lxu = Xu) with X G <?Z(p, H). 
(2) Let tp = K® s ®cf), then tp : — > m intertwines the action ofC + (m) and the intertwining 
operators between (d+) p and (d~) p (resp. (d~) p and (d+) p J are {Id® La)<p (resp. (Id® 
R-j)(p) with A G gl(p,M). 

Proof. (JU Let m = 8s + 3. For s = 0, the result follows by Schur's Lemma. For s = 1, let be 
an intertwining operator of (d+) p . We can write fl^aj <8> /3j where : (d^~) p — > (t>3~) p are linear 
independent and aj : dg — > dg. Now, commutes with C + (8) ® Id, therefore the c^'a commute 
with the action of C + (8). Thus, aj = aild + biK s and 

Since commutes with Id <8> C + (3), = an d ^2hPi = Rq' for some 5,9' £ H. Finally, 

since Kg anti-commutes with j[ (cf. Lemma l5~B)l g' must be zero. The case s > 1 is similar. 

It easy to see that tp commutes with the action of C + (m) and, therefore, that any intertwining 
operator is composition of tp with an operator from the first part of the proposition. 

□ 

Set 

(p+,p-) . ( +)P+ e (v~)p-. 

Recall that if m = 8s + 3, 

(5.3) 0^-) = (of ® d+) p + ® (df ® dg y- . 

Corollary 5.9. 

(5.4) End c+{m) {x>^) = {(* d ®?\ {Id®Rc)v\. wmA ^ D€gl ^ m 

y(Id® L B )tp Id®L D J 

where the blocks are with respect to the decomposition 

Remark 5.10. If we view (djj~) p as a real space with inner product defined as in 1)2 . 5 j) . then for 
X G gl(p,M) the transpose of Rx '■ (o^) p — ► ($t) P * s ^f*s where X* = X 1 . In analogous way, 
the transpose of Lx ■ (f^) p — * ( v 3 ) p is Lx*- Writing <f> in a canonical basis, we see that it is 
symmetric. 

Lemma 5.11. For all A,B,C,D G gl(p,M), 
(1) 4>La = and = L^(f>, 
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(2) 



Id®R-j (Id .%) = (p \ _ I Id®R A t (Id®R B t)ip 
(Id®L B )(p Id®L D J \(Id®L c *)ip Id®L D * , 



Proof. (1) This follows from Ax = x = A 1 and xA = A 1 x. 
(2) If m = 3, we have 

(r-z R^Vf (%)* (L B( py\ 

\L B cP L d =) \=(Rc^) t (LdYJ' 

Now, using Remark 15,101 and (1), we have (Lg(j)) = ^(Lb) 1 = 4>Lb* = Rb^P- In analogous way 
we have (R^cfi)* = Lc*4>- For m > 3 the result follows easily from the case m = 3 and the fact 
that ip = Kg S (j) is symmetric. □ 

Remark 5.12. £710^+ ^(Dg ) is an associative algebra isomorphic to gl(W,2p), under the iso- 
morphism O: 

\L B <i> L d y \0 Id) \L B <j> L D ) \0 Id) \L B L d )^\B d)' 
Moreover, if U = I ^ U J, then 9(C/') = Q(U)*. From IjSTjl . it is clear that 

\L B 4> l d J 

End c +^(t>m P ^) is an associative algebra isomorphic to End ( j+r 3 \(t>^ > ), so we can view as 
an isomorphism : Endc+( m )(t>m' P ^) — * qK^-^p)- 

Recall that the group Sp(p, q) is defined as 

Sp(p, q) = {X € GL(p + q,M): X*I p , q X = I p>q }, 

'ld p 



where I PyQ = (see [K], p. 70). 



-Idg 



Proposition 5.13 ([2]). defines an isomorphism 

Aut (n&*))?*Sp(p,p). 



More explicitly, 
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if and only if 

(5.5) A* A - B*B = Id, 

(5.6) C*C - D*D = -Id 

(5.7) A*C - B*D = 0. 



Proof. By 

Aut (n^' p) ) = {U G £nd c+(m) (t^ p) ) : U l J t U = J h for some i = 1, . . . ,m}. 
Moreover, since m is odd, this is equivalent to 

(5.8) Aut (n&P>) = {U G Sndc +(m) (o^) : C/*ff m l7 = K m }. 

Consider the real canonical basis l,i,j,k of vf = HI and {e^} be a basis of bf s , then {e^ (g> 
l,e, (g> i,ej (8> J, ej (g> fc} is a basis of 0^. With respect to this basis K m : t>m P ^ —> Dm has 

a matrix ^ 1 • Now, U G Aut^tt^) if and only if U t K m U = K m if and only if 

9([/'K m l0 = 6(iT m ) if and only if ®(U)*I p , p Q{U) = I PiP if and only if &(U) G Sp(p,p), □ 

Let us recall by Proposition I4..SI that the bracket in t>± = of" ® t)f is given by: 

[vi ®Ul,V 2 ®u 2 ] = [vi,v<2]{u 1 ,u 2 ) + {Kf s vi,v 2 )[u 1 ,u 2 \, 

where Vx,v 2 G tif s and u±,u 2 G 

Lemma 5.14. 

£ = span M {?; <g> u + ip(v tg> u) : v G of s , u G (O3 ) p } 
«s a Lagrangian subspace. 

Proof. Recall that 92 = Kf s (g) 0. Let V\,v 2 G of" 5 and u\,u 2 G (o 3 f ) p , then we have to see that 

(5.9) [vi <g> ui + Iff *«i ® M,v 2 8) n 2 + Kf s v 2 ® (f>u 2 ] = 0. 

First, using the fact that Kg = 1, Kg = Kg it is easy to see, by induction, that [Kg s v 1, Kg S v 2 ] = 
-[vi,v 2 ] and (vi,Kf s v 2 ) = (Kf s v 1 ,v 2 ). Also [<jm\, </>u 2 ] - = -[«l,«2]o+ and (cpui,(pu 2 ) = (ui,u 2 ) 
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(see (j23J and (jZH)). Thus, 

[«1 (8)141 + -Kf^i ® W 2 ®«2 + ^f S V 2 ® 0U 2 ] = 

= [ui ® m, u 2 ® n 2 ] + [Kf s vi ® /Cf s u 2 ® </>u 2 ] 

= h ®«1,«2 ® «2] + [«?'Vi,lff a «2](M,^2> + ((^I)^«1,K 8 ^ 2 )[^1,^ 2 ] 

= [fi (8)«i,« 2 ® m 2 ] - [vi,v 2 ](u 1 ,u 2 ) - (vi,Kf s v 2 )[ui,u 2 ] 

= [Vi ® U!,V 2 ® ti 2 ] - [«1,U2]<«1,«2) - (i^f S Ul,f2)[ni,U 2 ] 

= 0, 

Proposition 5.15. Let A, B,C, D G H), fAen 

^, ,/ Id®R-r (Id®Rj,)<A ( v®u \ ^ s , 

W = { A : w G of s ,u G (dt) p }, 

L \(Id®L s )¥> Id ® Ld )\<p(v®u)=J 

is Lagrangian if and only if 

(5.10) (A + C)*(A + C)-(B + D)*(B + D) = 0. 

and A + C and B + D are non singular. 
Proof. Every C + (m)-module is of the form: 

w={( Id ® R * ( Id ® R M( v ® u V.G^.G^a 

l \(Id®L B )<p Id® J\ip(v®u)=) 

for some A,B,C,D G gl(p,M). Now we impose that W be isotropic. First, 

/ Id® % (Id ® i%) =<p\ ( v®u \ _ ( v® Ra+cU \ 
\{Id®L B )ip Id® Lp J \(p(v®u)J \(Id® = L B+D )(p(v ®u)) ' 

Then the bracket of two elements of W is of the form: 

(*) [vi®R-j^ui + (Id ® L B+D )(p(vi ® ui), v 2 ® Ra+c u 2 + (Id ® L B+D )<p(v 2 ® u 2 )] 

= [«i ®i?-5q^ui,u 2 ® R-j^fu 2 ] + [(/d ® L_B+D)y('yi ® ui), (Id ® L B+D )(p(v 2 ®u 2 )]. 

Now, 

[Ul ® V2 ® Rj+cU 2 ] = [vi,V2](Rj^cUi,Rj^qU2) + {Kf S Vi,V2)[Rj+cUl,Rj+QU2\, 



□ 
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[(Id <g> I B+D )(p(vi (8> ui), (Id (8) L b +d)v( v 2 ® u 2 )\ 
= [Kf s v l ,Kf 3 v 2 ](I B+D ct ) u 1 ,I B+D <t ) u 2 ) + {(KiF'vtiKf'vtftLB+DfauLB+Dfo] 
= -[vi,v 2 }(I B+ d4>ui,Ib+d4>U2) + (K® s v 1 ,v 2 )[L B+D (j)u 1 ,L B+D (j)U2] 
= -[vi,v 2 \(4>R B - TU ui, cf)R B - T pu 2 ) + (Kf s vi,v 2 )[<t)R B -j^iAR B -+D u ?\ 
= -[v 1 ,v 2 \(R- B - w ui,R B - w u 2 ) - (Kf s v 1 ,V2)[R- BT5 vi,R BT ^u 2 \. 



The RHS of Q is equal to 

[v 1 ,V 2 )((Rj+c U l,R-j+c U 2) - (R bTS ui,R bTS U2)) 

+ (Ki S Vl,V2)([RA+C U l> R A+C U d ~ [ R B +D U ^ R B+D U ^- 
Varying v\,v 2 we have that the the RHS of Q is equal to if and only if: 

(5.11) Rj+c u 2) ~ (R b +d u i,R b +dU2) = 

(5.12) [%+c«i> %+c«2] - [^5+D U l' ^5+^2] = 0, 

for all 141,142 G (t)3~) p . Thus, equations (|2.5|) and l|2.7p imply the result. □ 
Proposition 5.16. 

Lag(n^' p) ) s f7(p,H) x l7(p,H)/(E/'(p,H) x Id) = U(p,B) 
Lag(n^)) = p^g 
Proof. If £ is Lagrangian of D, then every element x in C is of the form 



x 



Id <g> (Id (8) \ / v 18) « \ _ / v® Rj+cU \ 

^(Id®L B )<p Id®L D )\ip(v®u)) \(Id® I B+D )ip(v ®u)J 

(v ® u' 
(Id <8> I( B+D )(A+c)- ll P(v ® «') 



■u <8> u 
cp(v ® «') 



(Id® Id \ . . w . 

where V' = L with D = (B + D) (A + (7) . Since D is unitary by equation 

\ Id®L D/ J 

JEHU, "0 £ -4(n^' p) ) = f/(p,H) x (7(p 5 e). It is clear that the isotropy group is U(p,B) x Id. □ 
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The case m = 4 



Let m = ro_|_ © ro_ be the decomposition of the C(m)-module into the eigenspaces of K m of 
eigenvalues ±1. Thus, Dm = ro+ © tu^. 

Lemma 5.17. Let £\ C tt)^_ 6e a C + (m)-submodule and £\ its orthogonal complement in tD+. 
Then, 

(1) C = C\ + J m (Ci) is a Lagrangian subspace of Vim. 

(2) Every Lagrangian is of this form. 

Proof. (1) It is clear that the dimension of £ is ^ dim(t)m)- As Vo p + and ro^_ are isotropic, we must 
only verify that [£\, J m (£^)] = 0. This follows since for every z G j m we have: 

(z,[C u J m {Ci)]) = <J 2 (A), J m (Ci)) = -{J m J z {C x ),Ci) = -(Ci,Ci) = 0. 

(2) Let £ be any Lagrangian, by Corollary 14.21 £ is a C + (m)-module and it can be decomposed 
as £ = £\ © £-i as eigenspaces of K m . Now, 

(J m (A), = (z m , [£l,£-l]) = 0. 

Thus, £-\ C Jm^i)- 1 - = J m (£i), therefore , by dimension, £_i = J m {£-^). □ 

Proposition 5.18. Aut (rim^) /ias p + 1 or&ite in Lag(tw ), of the form 

U(p, H) /{7(r, M) x f7(p - r, H) 

r = 0, . . . ,p. 

Proof. From the Lemma T5.17| every Lagrangian is determined by a C + (m)-module of ro+. Any 
ip € Aut (rim^) preserves ro±. Furthermore, given any pair £\, £\ of C + (m)-submodules of tn+ 
of the same dimension there exists a non singular tp € End(y+r m \ (tu+) such that ip£\ = £[. 
Moreover, ip may be taken orthogonal with respect to the inner product. Indeed as ifi is non 
singular and tjj* is also in Endc+( m ) ( K >+) we have that £ = (ipip*) -1 / 2 ^ £ Endc+(m)(K>+) is 
orthogonal and ££i = £[. Now we extend £ to an element of A(xim) as £(J m (w)) = J m ^{w) for 
all u; G tt)^.. For each i = 0, . . . ,p, fix any C + (m)-submodule of ro+ of dimension r. dim(ro_|_). 
Then £^ = £[ + J m ((£^ r ' ) )" L ), r = 0, ...,p, are representatives of each orbit. From [g], any 



£ € Aut (ttm ) can be written as [ \,Ae Gl(p,M), with respect to any basis compatible 

y0 (A*) J 

with the decomposition ro+ © ro^. Thus, with this identification, A(r\^) = U(p,M) C Gl(p,M) 
and ?7(r,H) x U(p — r, H) is the isotropy subgroup of £( r \ □ 
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The case m = 5 

Consider the inclusion C(ra — 1) <^-> C(m) via Jj i— > Jj (i = 1, ... , m — 1). Then D m is an 
irreducible C(m — l)-module, so Dm = D^_ 1 . Denote by ro^. C Sm the eigenspace of K m _i of 
eigenvalue ±1. Clearly, ro± is a C + (m — l)-module. 

Lemma 5.19. C is a Lagrangian ofv!"m if and only if there exists a C + {m—\)-submodule C + C ro+ 
such that J m (C + ) = L\, dim(£ + ) = idimro^ and C = C + © J m _iJ m (£ + ). Here C+ is the 
orthogonal complement of C+ in Xo p + . 

Proof. Any Lagrangian C in Dm is also a Lagrangian in D^ 1 _ 1 and we have seen in sectional that 
C = C + © J m _i where C + is a C + (m — l)-submodule of tu+. Now, J m commutes with 
iT m _i, so J m preserves ro± and J m (£+) C to^. Since £ + is isotropic, (J m (C + ),C + ) = 0, thus 
J m {C + ) = £:{: and ro^ = C + © J m {C+). Conversely, given C = £ + © J m _i (£:{:), it is clear that 
(z m , [C, £]) =0, and this implies that C is Lagrangian. □ 

Remark 5.20. As dim(£ + ) = \ dimro+ and £ + is a C + (m)-module, p is even and C + is isomorphic 
to ro^ 2 as C + (m)-module. 

(p) 

We see that there are no lagrangians in n m unless p is even. Put 

p = 2q 

so q is arbitrary natural number. 

Lemma 5.21. D m _ x © Di is isomorphic to Dm as C(m) -modules. 

Proof. D m-1 © Di has an structure of C(m)-module given by Proposition 14. HI For q = 1 the results 
follow by dimension. For q > 1, D m „ x © Di = (t> m _i © Di) 9 = Dm- □ 

By Lemma f5.21| we can consider n m = D m _ x © Di ©3. Therefore, by Proposition I4..S( J m : 
D m _ x © Di -> D m-1 © Di is given by K m -i © j x . 

Proposition 5.22. Let l,i a basis of X)\ 

(1) ro+ = to q + © Di is the eigenspace of K m -\ of eigenvalue 1. 

(2) With £+ = to q + ® Rl, 

C = C + © J m -iJ m {£+) 

is a Lagrangian ofn. 
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Proof. (1) The result follows since K m ^\ : O^-i <8> Hi — ► (8) Oi acts trivially on t>i. 

(2) Clearly C + is a C + (m — l)-module and J m = K m _i ® j\ sends C + to = to 

Thus by Lemma 15. 191 £ = £ + © J m _iJ m (£ + ) is a Lagrangian. □ 

Proposition 5.23. 

Lag(n^)^LT(2?)/?7foM) 
Lag(n^ +1 )) = 

Proof. By Schur we have that •End c +( m _i)(»+) is equal to GZ(p,H). As tr>+ 9 = (rD^_®IRl)©(ro^® 

M c\ 



as C + (m — l)-module, every C + (m — l)-intertwining operator is of the form £ 



B D , 



I ~ Id \ 

where A,B,C,D € G/(g,H). Moreover, with respect to this decomposition J m = I ^ I .If 

£i be any Lagrangian of n, then £i = Cf(B J m _i J m (Cf ), where £^ = {( ]( ]:wG £+}■ 

We can choose 5 = -C, D = A and AM + C*C = 1. Now, J m (Cf) = (Cf) 1 - if and only if for 
w, v e £+ we have 

m(:U A „ M> 



Aw\ (= Av 
-Cwj ' \ -Cv 



Cw\ I Av 
Aw) '[-Cv, 



((A*C -C*A)w,v). 



Thus, J m (Cf) = (Cf) 1 - if and only if A*C - CM = 0. 

On the other hand, we can extend £ € End c + ^ m _i^(xo p + ) to an operator £ in End c +^(0m) 
acting on ro? 9 by t> i— > J m -iJ m ^J m J m -iv. It is clear that £ commutes with C + (m). By l|2.2fl . £ is 
in Auto(n) if and only if 



Jm — £ <^m£ 



A* -C*\ -l\ / A c 
C* A* Ml j \-C A, 



So £ is in Aut G (n) if and only if £ satisfies A*C = C*A and A* A + C*C = 1. The isotropy subgroup 
of C is given by C = and thus A G [/(<?, H). Since, Aut a « t ) GZ(n,H) n 0(2n,C) and the 
group of orthogonal automorphisms is U(n) (cf. [RJ[SJ), we have that the variety of Lagrangians 
is indeed U(2q)/U(q, H), and any Lagrangian is in Aut Q (n)£. □ 
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The case m = 6 



The inclusions C(m — 2) C C{m — 1) C C(m) show that m is an irreducible C(m — 2)-module 
- hence d m = = D m _ 2 . Denote by ro^. C C the eigenspace of K m _2 of eigenvalue ±1. As 

in the previous case we have that any Lagrangian can be written as 



where £ + is a C + (m — 2)-module. 

Proposition 5.24. £ is Lagrangian of Vm if and only if £ is a K m -invariant Lagrangian o/o^ l _ 1 . 

Proof. Any Lagrangian of m is Lagrangian of m -i and as it is C + (m)-module is Km- 
invariant. Conversely, let £ be a /Cm-invariant Lagrangian of Dm-i- By Lemma 15.191 £ = 
£+ © Jm-2Jm-i(£+), where C + is a C + {m — 2)-module and J m -i(£+) = (£ + )- L . Let's see 
first that J m (£+) = (£+) • Indeed, K m {£) = £ and K m (tv±) = ro±, thus K m {C + ) = £ + . 
On the other hand, K m ^ 2 {J~-+) = £+, Jm-i(£+) = (£+) ± an d JmJm-i = KmKm-2 leaves 
£ + invariant. So J m (£+) = (£ + )- L . It is follows immediately that [£+,£+] = and 
[J m -2Jm-l(£+), J m -2Jm-i{£+)] = 0. As Jm(£+) = (£+) X C Xo p + and ro^ _L to p _ we have 
(J m (£+), J m _ 2 Jm-l('C + )) = 0. This implies that [£+, J m _ 2 J m -i(£ + )] =0. □ 

Proposition 5.25. 



Proof. To compute Aut D (n), note that any irreducible C + (m)-module has a complex structure 
given by K m . So, End c +^(\)) is isomorphic to C p . By 1)2.2(1 . Aut (n) = 0(p,C) = {£ € C p : 
= Id}. Also, A(n) = 0(p). With respect to the decomposition 



£ — £ + © J m _i J m _2(£+) 



Lag(n^) * 0(2q)/0(q) x O(g) 



Lag(n^ +1 )) = 



£ © <Im(£) 




Then the isotropy group of £ is constituted by the matrices 




□ 
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The case m = 7 

The first part is identical to the case dim(3) = 3. Write = \}f s <S> O7 , let (ft : — > Vj be 
given by <p(x) = x, where conjugation is octonionic, and define ip = Kf s ® (f> : t>^ — > 0~ . We also 
see that 

n^' p -M(»+) p+ ©(O p -e 3m 

has a Lagrangian if and only if p + = p- . Write as before 

^• p) = (»+) p © (O p , n^) = ^)e 3m . 

Then 

Proposition 5.26. (1) 

End c+(m) {^ P) ) ^{[.^i {Id ® C) rf\ ■ mth A,B,C,De gl(p,R)}, 
\(Id<8)B)(p Id®D J 

where the matrices are written with respect to the above decomposition. 

(2) Aut (n^' p) ) 0(p,p) and A(n p m ) = 0(p) x 0(p). 

(3) L = span K {w (g> u + (%> u) : i> £ t)f s , it S (07 ) p } is a Lagrangian subspace. 

(4) T/ie group A(rim' P ^) acts transitively on the variety of Lagrangians subspaces. 

Proof. (1) is proved as in Proposition 15.71 For (2) we notice first that the space of intertwining 
operators of is gl(p,M). The rest of the proof follows the lines of Proposition ^, 81 (3) follows 

as in Proposition I5,13| noticing that X* must be replaced by X 1 . (4) is proved exactly as Lemma 
15.141 (5) is proved along the lines of the propositions 15.151 and 15.161 □ 

Corollary 5.27. 

Lag(n^) - 0(p) x 0(p)/(0(p) x Id) - O(p) 
Lag(ti&«>) = (p^g) 



The case m = 8 



The argument parallels that of the case m = 4, except that the last Proposition should be 
replaced by 
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Proposition 5.28. Aut (rim^) has p + 1 orbits in Lag(tt$?) } of the form 

0{p)/0{r) x 0(p-r) 

r = 0, . . . ,p 

Proof. From the Lemma l5.17( every Lagrangian is determined by a C + (m)-module of ro^. Any 
ip € Aut (rim^) preserves ro±. Furthermore, given any pair Ci, £[ of C + (m)-submodules of ro+ 
of the same dimension there exists a non singular if) € End,Q+r m \ (tr+) such that tpCi = £[. 
Moreover, ip may be taken orthogonal with respect to the inner product. Indeed as ip is non 
singular and -0* is also in End c + ( m ) (tr+) we have that £ = (ipip*)' 1 / 2 ^ E End c + ( m )(ttr?j_) is 
orthogonal and = £[. Now we extend £ to an element of A(n^m) as £,{J m {w)) = Jm£,(w) for 
all u; G tr+. For each z = 0, . . . ,p, fix any C + (m)-submodule of ro+ of dimension r. dim(to + ). 
Then = C± + J m ((£^ r ' l )- L ), r = 0, . . . ,p, are representatives of each orbit. From any 

£ G Aut (rim^) can be written as f (yl*) -1 ^ wnere ^ ^ GZ(p, K), with respect to any basis 

compatible with the decomposition ro+ © ro^. With this identification A(v!$) = 0{p) C Gl(p, R) 
and O(r) x 0(p — r) is the isotropy subgroup of £( r \ 

□ 
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